THE EFFECTS OF SMALL NOISE ON IMPLICITLY DEFINED
NON-LINEAR DYNAMICAL SYS..{U) MASSACHUSETTS INST OF

N TECH CAMBRIDGE LAB FOR INFORMATION AND D.. S SASTRY

UNCLASSIFIED SEP 82 LIDS-P-1249 AFOSR-TR-83-0666 £/G 9/4 NL

AD-A131 632

pare
FiLNED

® -3
oTic




gbguu

.__._._




.{ b

OTC FiLe Copy

e i %

L O T s

Tt Ty MMup s

-ty e

-ﬁ

mmn»m
NOR TS 3. 'YYY

- e
-
“%‘ N 4§u\ d'\‘R’i

'“‘ A U et} AN £ N
; [PV Y m‘s el e T Ta AT \W

|
|

- | |
Tede M s tiadgy - WM st Ml H e
319 DO L Al ~ 5 _i‘Q- .. RSO ¥ 19} B S
. W Lot DL A
L iim cine b HLF KT Noeaed
[N e
2 e, el ey Yoo tes Y oF atar . 2 B
e, N Cae I
T GF e B fap D" D0 r oppb eapee MIBMEL R T TR .»v.‘; TR L T TR, 3. T oma w
il T ViU PR o . K
he b 0 e .. ce e [ | - PR
4, IR - . . . . PR al, e t Bew, ¢
FYes T 113 17 3 N
b | I
axp  BBe Y TP - A NEB- TANre he - dB8~ - [ Y N )
e . s . f Ve ey 8t
" . ! . ) Teb e ST O S S Ree-
| BN o P 1 v-
[ feihn RV S S PIREY TR IR ireds oy - gy v ’ = LR i A by op
I 1
ia, . PRSP IF R D ‘
pH s T SN NRRRETY < dap
yere . . e . o e e . .
- FArTS . Bl Y0 PE YR e Ay - R 2 Y PR LRt ‘Oo,.. ' T - *
¢ e -
e1¢. . @
Al 2
[ T Y S % L PRI
P
PR XX 4K . fee . om A & - “ BTN
H . . . SN . . ayr n s . e e . Ce .
e . 0 .
- . I
- (Y LR XN - P O W b e - e 3 PRIy
. dy o emes v e . ¥ - . EEETT) - b e . .. e
. Py Y e v e . . PO v e e . . . e DR T I .
YR . ) ymeye Y “ e ‘ . .. DR 4 4 . . PRI s . . v
Py, s . [ ] [T T - e - . . .. . . e ’ chr A eae e
0 [ e - .ee S daes qe < . . . T e ase gpagee rages .
- e - . ‘e vir BRere spe Prosey EEOPRVE, - Qe ede e e
~eus - i - .y . . .. . . P 2 ce e . .. < ey . Ce .
L' vedna . - o kb oy .. .. - pope r e . boee . £ Id ty .-
B
o ... ‘s
o}l
me BT e e g eag e ke s gl e trmis t ssser

:——-——-—A-



_J

Lyt Ws Tigie T imenn




' mono 83'066.

Lihs-F - ey

Saplaliel 3%

LETIPTT LI T G TN B WY, ANCIEL S N B E

ETH RS V- ¥ TR WX TN W £ N

.
NP Y 3 C R % S
Mtae 8 Y T TeTogdgd o e gl T Lz e 2o dethe
Yp22s 384 Te@dd e o Tpeiie e
ang Tterg LAY . 3
Sppreves Pee 1 Bive reloane g
Sistrivation uniimited,
-
Tz e oav - s e cwm st - e awm e L e T s £E. ~g ~8 - ces & .
Tamegroe e der cwame ATTEB-Io7 I T veLT Lles to tcate WLOTlemics
B T rz o B Tariaass = Wems o~ L I R 4 z~~% T ¥ zes Loy cpeera,

83 08 08 165  BEAw.
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Section l. Introduction

The dynamics of a large class of engineering systems are described only
implicitly, for instance, those of non-linear circuits,swing dynamics of
an interconnected power system, as also thermodynamic systems far from
equilibrium. The implicit definition of their dynamics is as follows:
the state variables are constrained to satisfy some algebraic equations,
i.e. they are constrained to lie on a manifold M in the state space.
The dynamics onh this manifold M are then specified implicitly by specify-
ing only the projection of the vector field on M onto a certain base space
above which M lies. (i.e. a subspace of the original state space of the
same dimension as M). The process of obtaining the system dynamics explicitly
consists of 'lifting' the specified velocities onto a vector field on M
ilifting is the inverse of projecting). Lifting may not, however, be
possible at points where the projection map (restricted to “he tancent
space of the constraint manifold) has singularities. This singularity

is typically resolved by regularization, i.e. by interpreting the algebraic

constraint equations as the singularly perturbed limit of 'parasitic' or
fast dynamics. The dynamics of the original system are obtained as the
degenerate limit of the dynamics of the regularized system - the resulting

trajectories may be discontinuous and this is referred to as jump behavior.

The foregoing deterministic theory needs to be extended to a stochastic
theory for three reasons:
a) The conditions under which the limit trajectories to the regularizations
exist are extremely restrictive so as to exclude several systems of

interest.

- 4
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b} Frequently, the algebraic constraint equations arise from the macro-
scopic aggregation of microscopically fluctuating dynamics, e.g. the

flow of current in a resistor, the demand fcr electrical power at a
distribution point in an electrical power network. More generally,
deterministic equations describing thermodynamic systems are of this kind.
Thus, the algebraic constraint equations contain in addition a rapidly

fluctuating (or white noise) component.

<) The methods of analysis for deterministic systems of the implicitly
defined kind involve techniques of bifurcation theory - their conclusions

are extremely sensitive to imperfections and the addition of white noise.

Since in all the situations of interest to us, the intensity of the
additive ncise is small, we study in this paper the dynamics of implicitly
defined dynamics in the presence of small additive noise. In fact, we

compare the conclusions of the stochastic theory with those of the
deterministic theory in the limit that the noise intensity tends to zero.
The foregoing process requires the computation of two sets cf limits:
the limit that the regularization tends to zero and the limit that the
intensity of the additive white noise tends to zero. In general, these
limits do not commute. We explore in this paper the modelling issue of
which sequence of limits is appropriate in the context of a specific system.
The layout of the paper where we carry out this program is as follows:

In Section 2, we review briefly the dynamics of deterministic
constrained systems and their jump behavior. With some minor modificat:ons
we follow here our earlier work [1ll] and the references contained therein.

In Section 3, we begin the study of noisy constrained dynamical

systems. For the initial studv we use as tools the work of Papanicolaou,

et al 11C) on martingale approaches to limit theorems. To study the
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dvnamics of noisy constrained systems 1n the preserce of small nolsc,

we develop and use in our context Laplaces metnod of steepest descent.

We study in several separate cases, the cComparisor betwech the Jdeterministc

and small noise theory, describing: (1) how the stochastic theudy
vields conclusions about system dynamics when the deterministic theosy
fails and (ii) how the jump behavior of systems i1s madified Ly the
presence of small noise. This section 18 & Considerable cxtension of oyg
previous work in the context of phase transitions n van Jde3 Vaals jases
(12]. Several examples are presented to 1nstantiato our rosults,

In Section 4, we present the dotalled deterministic analyais of
Section 2 arplied to the dynamics of an emitter Coupled relaxat:.r
oscillator circuit. We then show that the eXjeriMenty. on-lusicha of
Abidi [1] on the Jdynamics of these Jirzults in tne rresence of amall roize

zeer not Lo aaree with the stochastic theory rresented ifn Jeft.ot

wn

ection

ti)

In , we Jiscuss the seqgiuences 5% limit:z imtlied hy Ve

develogmert of Section 3 ~ and the nature of swetenms fo0r which Thic deve of -

ment vields the correct conclusions., In narsicular, we zhow that the
develorment of Section 3 is relevant %o systems where the cparaticn in
time scales between the slow and fast components is wvery .arsce and .s
mere important than the small intensity of the white noise (characterized
by a certain sequence of limits subsumed by Sectinn 3) - for instance :in
phase transitions, reaction rates and other phenomena of non-equilibrium
thermodynamics. For non-linear circuits, however, the separation 1n time

scales is less marked, so that we present here the relevant analysis

vsample function calculations) for these systems with %he order of limaits

reversed from that of Section 3. We use as tools the foundational
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Note that for all +>C and x @ R the critical points (with respect to y

of p (x,y) are the equilibrium points of the Jeverministic system (2.4)

with % frozen given in This instance by
3 e
y - 3 9rad Six.y) (3.11)

Firther, I for some xc, S(xo,y) 18 a Morse function (of y), then for all
v o» ) every local maximum of ;‘(x,y) 13 a stable equilibrium of (3.11).
To compare tne noisy constrained system with the deterministic

:onszratned system in the limit that %+ 3, 1t will be ncrcessary to
evaluate integrals like (3.9) in the limit cthat - + 2. This 18 done

33ing trne following wersion of Laplace's methed:

Thoorenm 3,2 iLaplace'’s Meznod!

L] L] -
Lat for «2ach xeﬁ'ﬂ Six,v) mave glcbal minima at v, .Xx), yz(x),...yn(x),

wnere N may degend on x. Let then all be non-degenerate. Further,
let Six,%" save at leas=t tiadratic srowetn in oy, as y * . Then, in

=ae limit that ), ¢ (X,¥) converges %0

. -1’2 3.1
where aiax) = det (D 3(x,y [xI)) L ¢ 2

[ 0N ]

More precisely, if {(x,y) 15 a smooth function having polynomial growth

as y = *, then

lim 3. 'x) = lim ol X7 P (x,y)dy
.'vj ' “;O R
N R N
P -
= : a. (x) Mx,y (x))// a. (x) (3.13)
o~ i 1 - i
i=1 1=1
= T (x)
o)

- *
1.2. the Hessian D) 3ix,y) at y = v, (%) is nonsingular
2
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Proof: Since E’A‘(x,y) = exp - -s-(—’;éu/i/‘ o &XP - §L;‘.'.L)dy] ,
R

we will first evaluate

/ d(x,y) exp - 5-(5-5'\1)— dy

Rm

~

for simplicity first assume that S(x,y) has a single global minimum at y.

We will then show that

*
fmfb(x.y) exp — S—(ffi’dy = sy 2mA™?) exp - Six,y )ALl + O(1)]
R A * 172

(det D; S(x,y 1]

First, bv the Morse Lemma(see for e.g. Milncr (16])there exists
~ m S
a neighborhood U of v and a change of coordinates R ~ U given by

—_ *
» = v{y) such that v = v (0) and

* 1
S{x,v) = 5(x,y ) -+ El

*

*
urther, outside the neighborhoed U of v, S(x,y) > S(x,v ) + 2

for some @ > 0 so that

*
f 3(x,y) exp - #"—’dy = exp['ﬂx—{ul o(r %) (3.16)
R/U

for all 2 > 0. Clearly, then (3.19} does not contribute to the leading

term of (3.14) Consider now
. . S(x,y)
d{x,y) exp - 1 dy
u
* m
= exp - §i§§1Lll/r exg ( - Z ;i) $(X,7(y)) det D Y (y), dy
Rm i=1

(3.17)

Now, standard manipulations with Gaussian distributions yield that




iih spay
1

ne~13

-/r (exp = %T
r" Y

/2

= (270u™° (301 + o(1)) 13.18)

Thus, to evaluate (3.17) we only need compute :det D Y(O);. Differentiating

(3.15) twice with respect to y yields

2 dy,-1,T dy, -1 , _
N o= . 3.19
D, S{x,y) ((dy) ) (dy) (3.19;)
From (3.19) it follows that
w -
fdet D Y(0)! = [det og six,y" 7?2

so that (3.14) now is immediate on combining (3.6}, 3.17) and (3,15)

In the instance that S5(x,v) has several global minima

* * *
ylaxf, volx), ""YV(X) it follows from an easy extension of the fore-
Joing zarjument that

* N ,
Si{X,y L, m/2 -S(x, - * -172
f 2, v) exo - 5’-(—.}f—3—)d~; = (2"~>'“/ exp ——(-X—X—)— [ : det {Di S!x,yi(x))]
Rr° ' ‘ i=1
*
3(x,yi{x))‘ (1)) (3.20)
Selling >(x,y) = 1 in (3.20! yields the corresronding expression for

J/. exp _Elﬁfi)dy. Combining this with (3.20) we have eguation (3.13).
o )

R
o
Remarks: (1) 1If the arowth conditions on S(x,y) and ¢ (x,y) are uniform in
x for 'x: < R 1t can be shown that for p > 1

/ e =T Pax -0 as i 0 13.21)

‘xR

9%
o
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Proof: 1Is presented in Sastry-Hijab [12].

Remark: The order of the limits is peculiar in Theorem (3.3). 1If the
order is interchanged i.e. A ¢+ 0 first and then ¢ + 0 1t is clear that
one recovers in the limit the deterministic development of Section 2
(with the minor modification that ; has an additive white noise terms.
The jump-behavior or the y-variable is as explained in that section. 1f,
however, £ ¢ 0 first and the ) v 0, the jump-behavior of the y-variable
is somewhat different, as we now elaborate:

The behavior of the conditional density of y given x as : . 0 is as
in Theorem 3.2: the y variable is at one of the global minima of S(x,*)

. . . , 2 * .-1/2
with probability proportional to the curvature of S{x, ) (i{Det t: S(x,yi)) )
at that minimum. Consider first the case when the minimum 1s unigue.

There is then a 3jump in the y-variable if there is a change in the alobal
minimum of S(x,*) as x is varied. Points of jump then will be points of
appearance and disappearance of global minima of S(x,°). This 1: in
contrast to the deterministic picture of Section 2, where, for the instance
that g(x,y) is of the form of (3.11), stable equilibrium of the sged-up
system S are local minima of S(x,*) and points of bifurcation are goints
appearance and disappearance of local minima of 3(x,.).

We illustrate this with an example - the van der Pol oscillator of

(2.5), (2.6) with added noise. Consider

X = y + VI E (L)
3 —
Ey = =X =y 4+ y + viE (L)
4 2
Here S(x,y) = ~xy - %— + 5— so that, in the limit that ¢ + J; the

x-process converges to one satisfying
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plane i1r Flgure 0. Some of tie features cf this Jurve are noted below:

ryi ¥For -J;OR o< Jtaﬂ tne equation t3.7) has three
solutions, while for ¥ - 2! B and Vv ~ I K the equition

) 0

nad Inly one soluTlon.

"1y) As W =%, 4 = .’:o and a3 v v =%, 1 * 0 asymprotically.
¥ “a
fLit! The values Y I UL R, 4 o= S ard VS IR, E -
Lil! The val e Y - a V. .y . 2 - -
i 9 R 0 ‘o " IR

ire the Puint: ¢ Blfuroati'n o oquation (4.7) witi W

treated as the Bifurcation gparameter, l.e. at these points it
e et pessable T soive (4.7) for 1 oas 3 function of V locally
ind unitue.y. Trede jeinti may be shown tc Le paints of

1Y bituriat. .

ROZTuZning =W %9 2he fu.. *yetem = 4.6) and 4.7) we see that

ImmAnUC e ¢ oau%annn fr tlte 3t atef e@xiast o .rnG a3 1 (ol be sclved

AL LESISURTI SLNNE SN £ o S AL TN T S B S T N - TR o
. N
Y e (4.¢)
i X

1."..!
3 A
Wt T e (4.8
! SUF e vo e 2T, gl

When -JF = V_ ¢ I Sl - )1 =0, 1.e. 3 =V _2Rcrao= 21,7 Vioer at

T 2 2
. 1:
ippears “hat it 15 tnfirite sc as %o prevent the integration cf equations

(4.7}, (4.3). The regularizati~n >f this system i1s aiccomplished by taking
int~ 1ccrunt the fact that parasitic capacitances present :in the transistors,
1s well 15 “he finite ..-w rate ~f the operational amplifiers will prevent

1 frem wcarving fisoontinucusly and an effect change the description cf the




Of the circuit dynamics from (4.6), (4.7) to

dv- (‘o‘\) (4 6)
at (o} )
28 vl (27 - R -V 2o -i) /i ,
s " (.Io 21)R VT .h(2I° i/ (4.9)

Equations (4.6) and (4.9) are a gross simplification of all the actual
parasitics present in the circuit. A more detailed and exhsustive description
1nvolving all the parasitics would start from the original equations (4.1) -
(4.5). The present reqgularized model is, however, accurate enough for our
purposes. The phase portrait of this system shown in Figure 1 includes

A single unstable equilibrium point (/=0, i=IO‘ and a limit cycle. The

limit tra‘ectories cf (4.€), (4.9) as 40 exist and include the relaxation
°oscillation shewn in Figure 12 - 23 l:mit cycle with two discontinuities -

at the points where the “ra‘ectory switches Zrom the 71 .n, 72 >ff 'state’

tc the ¢1 off, 22 on 'state' and vice versa. Note also ‘rom Figure 11

that zhe 71 -n, ;I cn 'state' is unstabtle as evidenced by the trajectories

of (4.8), (4.9) pointing away from that 'state'. The current waveform

1 {t) is as shcwn in Figure 13. The half period of the cscillation T may be
estimated approximately by integrating equation 4.8 with the approximation

that for O0<t < 7,1 << 1 so that we have

VT/"R

\Y
/ (-2R + -iT-) di

I

o'

T =

TE s
0

o'ln

or

[2R(-VT/2R + Il) + v fn(VT/ZIlR)i (4d2)

T
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From equation (4.10) it follows that the frequency of oscillation is
(approximately) lienarly proportional to IO’ which enables this oscillation

to be used as an electronically tunable oscillator (e.g. in a phase locked
loop). 1In such applications, it is important to know the noise characteristics
of the oscillator in response to resistive thermal noise. Experimental
observations of Abidi [1] indicate that the actual (noisy) cur -ent waveform

is as shown in Figure 14. Key features of this figure are as follows:

(a) the transitions or jumps appear to be noise free

(b} the noise superimposed on the deterministic waveform of
Figure 13 appears to be small (low intensity) immediately
following a jump and then appear to build in intensity.

We assume (see =.7.[14]) that all the noise sources in the circuit
can pe lumped into a single-noisy current source in(t) shown dotted in
Pigure 9: in(t) is assumed to be white with intensity *{(with Y small
at room temperatures, since it is proportional to kT). It is easy to check

that the eguation (4.6) is now unchanged, while (4.7) changes to

0=V - (210 - 2i)R - vT :n(zro-i)/i + 2RVT in(t) {(4.11)

w“e regularize the system (4.6), (4.11) as before to cbtain

Vo= (IO - 1) /C (4.6)

fi =V - (21 - 2i)R - V_ (2T - i)/i + 2R ver i (t) (4.12)
0 T 3 n

Note that < scales the intensity of the white noise in (4.12) precisely
for the same reason as in equation (3.2) of Section 3. The techniques of
Secticn 3.2 may now be used to obtain that as €V0, the V-process converges

weakly on C([0,T]; IR) to one satisfying :
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v, =T wne
where I'x“:)is i integrated over the conditional density for i given
V,in the limit that €+O,Ex(i,v). As in the example of Section 3.2, we
have in the limit that AVO, Ex(i,v) converging to a sequence of delta
functions jumping from one leg of the solution curve to (4.7) to the other
at V=0. Also, choosing the interval of weak convergence to be large it
appears that the relaxation oscillation is borken up.
This analysis is contrary to the experimental evidence of Abidi [1]
Wwhat has gone wrong? How does one recover the experimental results of

Abidi [1]? These are the questions that we taken up next.
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Section 5. Sample Function Calculations.

The mathematical reason for the anomaly between the machinery developed
in Section 3 and the experimental conclusions of Section 4, is the order of
limits <40 followed by A¥0 in Theorem (3.3). This order of taking limits is
suitable for explaining phenomena in several situations in non-equilibrium
thermodynamics (for e.g. phase transitions of the kind discussed in Sastry-
Hijab [12], Eyring chemical reaction rates, etc. - see for e.g. Nicolis-
Prigogine [9], Landauer [6]). 1In fact, it has been noted by thermodynamicists
of the Brussels School that"fluctuaticns play a crucial role in changing
the behavior of systems near bifurcation fronts". However, this order of
limits is not fully satisfactcry in the circuit context. The reason fcr
this lies in the fact that the order of limits c+0 followed by \+0 (Theorem
3.3) yieléds the correct conclusions only when the dynamics of the fast (sped-

up) system are much faster thar those of the slower x variable. This is

so, because, as we state in Section 3.4, Laplace's method of steepest
descent picks for the limit values of p k(x,y) as -“+0 the most stable
.~1limit sets of the underlying deterministic systems. This in turn is
consistent with the intuiticn that in the presence of persistent random

perturbation {wide-band in nature) the trajectorics of a system will

concentrate after sufficiently long periods of time in the vicinity of

the most-stable sSets. However, the sufficiently long periods of time

may be very large indeed. It is possible to show, for example in the

gradient case of Section 3.2 that the average time required to excape from

a stable equilibrium is of the order of ek/\ for some k>0 (see for eq.

Schuss [15], Ventsel-Freidlin (151).
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By taking limits in the sequence -+J follower Ly vQ, the implicaticn

. ) -k/\ “k; "
is that - is smal.er than e , 1.€. - 15 ot least e ), sC¢ that the

fast system has sufficiently much time tc rToncentriate :n the vicanity Jof
its .-lim:t sets. This is frequertly the situarion in RoR-egqulilirr.gm
theromodynamics where the slower dynamics are frequent.y asiumed t¢ be
'quasi-static’'. 1In the circuit context, however, the separaticn 5f time
scales between the slow and fast variable 1s nct as Jsrge as 13 impl.ed by
the theorem.

As noted in the remark following Thecrem 3.3 1¢ the :crder 2f Jimits
is interchanged (i.e. Y0 and then :+0), ore reccvers the Jcterministic
development cf Section 2. Befcre, we further elabr rate ard make preciise
the statements 2f the previous raragraph we indicate hcw ~rne iNaiyses aamp.e
functicns of =he process generated by /. Y, (2.0) :n the limit that
‘0 followesd by Tv0.  The matcr tzel < +his deve.cpment is the werk - f
“entsel-Treidlin (13].

We consider here sample functions »f the prccess zenerated by

L]
A

—-
i
.
'™

x = fix,y) + » 1V T, x(0)

f(x,y) + v+ -~ y(O)

[}
—
o
.
X

‘0
with precisely the same assumptions as in Section 3. lLet . = [, , . ]:

fo,7} -~ R x " be a Cl map from the interval (0,T) to the %, vy space

with ;‘(O) = X5, ty(O) = Yy Define, for this traiectory, the functicnal
I‘<l') by
Ty L (8) = €00, o) '
I_(.) = l X b :’2
3 o : . 1 ;. dt (5.3)
{ Af; - = o . !
‘ y(t) = g < y)]‘




I

bl d

£ u
. b «
-t - g Ve
L] - M “ ’ e I
[ . - N 4 . . .
. LNl o . . n - 'Y . )
- ] . : . Yo [N
- - . . ‘A g o
: = . 8 3 ~..~ - ) . . o
] M ir N - ‘ 1 0 " :
- u - T - o - B - . > e 4
o= 4 ST e oo
) i . . W 5 N " o .
43 " CY B - - . « 4 t- ¢ < . :
# ) < [} t + & . ¢ o 8
: .- - - '} » . ‘ N ¢ v
. . > v " u . y . N
[ u -~ [ " . s o i o4
. . @ W - o I . P . a ..
» ~ i o . u . "
) s ' - v 9 . o0 -~ ¢ o
" . i u . N ¢ : » W .
o - o : . by @ [
- ~ 3 - " . “ o . Y "
. “+ § o - ~_\4 D ' LG
' .7 oy o " . “ ¢ G + G w!
3 ~ s 3 % . o) N m @ b
4 ] - - " L 'y . B
-1 v ~ . ‘ 1 o w t
- . i 4 o 'Y [ .
' ¥ y B ! - - ‘ L§l ,
] L - " L] - " » o . Q .
bN - - " 3+ “ @ »
“ v € u ‘ ] ' . [ Xl .
4 . u “ q ™ XY . .-
- (X - « @ e
v [ . . Iy N , 5. ~ ‘e
. d u " " LI . Bl ! i
- > . s . ~ T Pyl v . [
g [ ‘ ‘ h . [ e QU
% “ » w " . » - Q . te
: e “ 1 . s o
«t o o . (1] w . Pl ts » I S o f:
L »r L] " - . [N 0 ”~ ™ o 2
" » o “ o L4 - B w 0 & 17 D
L3 . v '} 1] . u + oA 4! g ot
» 8 - - ‘ . it 4 Q € - [
» - (S - AR < 4 [% - 4] .
L A » '] [ ° v ' o R
v - -~ -0 . " : § 4 [ o 5. B lad [l A "
- - o . W f h & . [ o -
. - . . » s - - Qo . . . e
,c . I . . . [ . tr il b . K3
' . a " o N [ ' o' Y e % L.
[ N " v . s r, e 1 £ i
D r - v . - “ - ” . 'Y Q t: e 4
. s . . % . N . I e Q 1, & ,a
ey (R ° " . 14 .- . e [od 4 e b £ T
Y ‘ » E3 e *- N . " s A Is £
- bid i L .. [ -2 . g @ P Y b r o,
- 13 ‘ [X r~ e ' ® x £ ("9 X9 .4
" | . - s v [ 3 . v % . q ' ¢
< b & . " 1. . . . . . - e - b *,
N - a v - - . b ia o 4! i [N g
l - . . v [TI 'd . 2] w . ko) " . 4e
L . . Vi -t - ) e ) % L I P [ 4 (s 4 )
’ -y L E (L] . R th s Ex] . .t ¢ 4 - 'S
% . e S m 4 [ . 1 21
o _. - ” » % K4 o, a - H @ ~ ) @ - k3 ™
. I3 - i t- G 'y A o, Fe) -
& ) - * . . I be 4t [ o o, . o~
¥ R -4 $- N T L -4 ! o 2 Q4 bl N
! fﬂ a . - . o w. e Y] £ [
~ - - o~ ~ o~ % - 4 ~
Y ﬂ. B - - . - . @ - [ - b
£ - ad i . 'y Ud) £ ~ -l W be 4 KX '
| B [ B . L .1 ral - - i -— v U




R T
4
“ e iKY .
" . h
. " .
B B £
e . L .
TN N
N s [T
. 3 etw s

R S S,
- ”
L N

[
R s
- I

@ ¢

.
P ey
PRSI

.
+

[t B

& -
s [T T
- -

G el s
- v - . .- A
< . e -
e e [ e
- . .
.
. 4 . -
.
% L] M
. .
3 b
Y A B

BERT TR
-
[
¢

. .

Y

e
——ye

Sa




o e IR . - . - .. ISP
bt e -
: i - - ’ . - BT - R [T Y ST o
. ML et e sae - oath s te s ermme b [P - e r e e e e -
e 8 e
i . LX R A e . . BN . . . e o

[ LX) e e .- S © e . .
f . . - . .. v e e - .o .
v . o . . . N . . ..
. . . Py P . . . . . T
b N . . [ - . . .
. N o . .-
v LR . - e . . . .
i - . . ’ - . .
' s . . PO - - N s . . Y .
P . - . . . S e
. s T 3 - - - RETIE - - . - R T T T R
- e L vonee - . e e - C e . . <




B SR B

N2

A

.

1. e

.

T we et

e

aatr

P

-
"

o
"

v
. 123
‘ .
1 . , L
“ -
w , - .
& : | .

1
s

\ 0 w
l a . B
u “ “ M
i"

. : .
" -

.

£
u
1 N i
‘e
o > o
o
o " .

"
"

" .

l

M

u
.

¢
>

.
+

“




T T e L . MRS .

h
N




- CR. PO S s
- e S - " -
1 L4 - - T
4 A - LRI N PR PP G T T SN S PO S 3 L.




r—-——————-———f —~

y {(n.y&gh.y)' O}
TM(x,.y,)
(2o.¥9)7?

x(z,y) TR
f(x.y) x

N
-
£
4
-
3
-

1
N
{(.,,)4..,./,3} Y

-




STABLE
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= M={(xy)= g(x,y)=0}
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Figure 5: Visualization of the Trajectories on the
Uprer, Center and Bottom Sheets of the Cusp
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$5 9%x,y)

-

-

2

=

>y

"‘?_.O = —x-y3+y

Figure 6: Showing the Limit as } v 0 of the Conditional

Density © - (x,v)

Figure

7: The Drift 7 (x) for the Limit Diffusion of

the van del Pol Oscillator for Decreasing Values of *




Figure 8: Showing the Limit Behavior of ;"%x,y) for Example 3.5

X

|UNSTABLE
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> Y,

STABLE

Yi

Figure 3: Showing the Hopf Befurcation for the Example 3.6




Figure 10: Simplified Circuit Diagram £or the Emitter
Iogare s

Coupled Relaxation Oscillator

f’

oL Q1 on, Q2 off
‘Fa1,-vr/2R

Qion,Q2o0n

Ql off, Q2 on .VT/2R

=

- 1
-2IR 0

Figure 11: The Solution Curve to the Algebraic Eguation (4.7)
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Figure 12: Phase Portrait of the System (4.6) , (4.9)
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Figure 13: showing the Relaxation Oscillation in the
Emitter Coupled Oscillater
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Figure 1l4: Current Waveform i(t) £or the Circuit of Ficure 1.

et W

Figure 15: Excerimentally Observed Waveform for i(t) in
the Presence of Noise (after Abidil[l))
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